Introduction
As is well known, a system of inhomogeneous linear differential equations
for n 1-forms η 1 , . . . , η N and an N × N-matrix A whose entries are 1-forms can be solved by the method of variation of constants in case the connection d − A is integrable, which is summarized as follows. The integrability tells us that the sheaf L of solutions of the homogeneous equation (that is,
is a local system of rank N, and that the following diagram is commutative:
Thus, we have
• Φ, and a solution is given by 
and t is a standard coordinate function on C, a solution g is given by
This expression is, however, only valid locally, because ς is a multi-valued function. On the domain U i defined as in figure 1 (which is homotopic to a punctured disc), the functions (1) can be defined single-valued. In this paper, we shall realize a single-valued solution by finding a successful integration path (which has been formulated as a regularization of paths by Aomoto [5] .) One can call this result the twisted Poincaré lemma. Using our method, we can describe explicitly the isomorphism between the twisted de Rham cohomology and thě Cech cohomology with its coefficients in L. AČech 1-cocycle (s i j ) i j for the covering U = {U i } is given by s i j = a i j ς , where a i j ∈ C. For a twisted de Rham cohomology class [η], the correspondingČech 1-cocycle is given by
where reg(i, j) is a regularization of a path connecting x i to x j . This formula (2) is nothing but a hypergeometric integral.
Here we encounter with the Wronski matrix. The twisted de Rham cohomology is parameterized analytically by (x 0 , . . . , x n−1 ) ∈ S, where S is a configuration space of n-points on C, that is, S = C n \ i j {x i = x j }. It forms an analytic vector bundle H 1 , which has a natural integrable connection ∇ (Gauß-Manin connection.) On the other hand, theČech cohomology forms another analytic vector bundleȞ 1 . Using a standard basis {e 1 , . . . , e n−1 } of theČech cohomology, we
This result explains that the matrix corresponding to theČech-de Rham isomorphism is the Wronski matrix, and thať Cech cocycles {e 1 , . . . , e n−1 } give solutions of the hypergeometric system ∇g = 0.
Twisted Poincaré lemma
For an n-tuple x = (x 0 , x 1 , . . . x n−1 ) of points on C, let X x be the punctured projective line:
. . , x n = ∞}. We shall consider a twisted differential:
where
and we assume that α i Z. Let U i be the open set in X x defined by removing n − 1 lines {l j } j=0,1,...,n−1, j i from X x , where l j is a path connecting the point x j and ∞; for instance,
Theorem 2.1 (Twisted Poincaré lemma). Let η be a (single-valued) holomorphic 1-form on U i . Then there exists a (single-valued) holomorphic function g on U i such that
We shall prove this theorem in §3.
Integrations over twisted chains
To prove Theorem 2.1, we shall introduce integrations over twisted chains. The twisted differential (3) is locally equal to ς
Thus a solution g of the equation (5) is locally given by
In order for this expression to make sense globally, it is necessary to define integrations of a multi-valued function. A multi-valuedness of ς is controlled by the following local system:
Definition 3.2 (regularization). Let γ be a path on U i whose initial point is p. The regularization of γ is defined by
where c i := exp(2π √ −1α i ) and σ i is a loop around x i whose initial point is p. proof of Theorem 2.1. To construct a global solution of the equation (5), we need to continue (6) analytically on the whole U i . In order to achieve this, we consider integrations over regularized paths in Definition 3.2.
where γ t is a path connecting p to t in U i . We shall prove that g is well-defined, that is, g is defined independently of a choice of paths γ t . We take another path γ ′ t . It is sufficient to prove
where c −1
We have thus proved the theorem.
TwistedČech-de Rham isomorphism
The twisted differential (3) defines a twisted de Rham complex:
On the other hand, theČech complex with its coefficients in L associated to the covering U = {U i } given by
The twisted Poincaré lemma (Theorem 2.1) tells us that the first twisted de Rham cohomology H 1 d+ω (X x ) (defined by the complex (8) ) is isomorphic to the firstČech cohomology H 1 (U, L) (defined by the complex (9).)
is well-defined and an injection, where Actually, Φ is an isomorphism. (See Corollary 5.4.) proof. We have the following commutative diagram:
Remark 4.2. The open set U i
In this diagram, both two vertical sequences are exact due to the twisted Poincaré lemma (Theorem 2.1 ) and both two horizontal sequences are exact by definition. Here we have
and Φ should be defined by ∂ 0 0
A standard argument by diagram chasing tells us that Φ is well-defined and an isomorphism. For a 1-form η, we calculate Φ(η) explicitly by using formula (7) in the proof of the twisted Poincaré lemma:
Note that γ t is on U. Thus ς γ t = ς and we have
Explicit formula of twistedČech-de Rham isomorphism
To describe theČech-de Rham isomorphism Φ more explicitly in matrix form, we give generators of cohomology.
Proposition 5.1. The first cohomology H 1 (U, L) of theČech complex is generated by e 1 , . . . , e n−1 which are defined by , where a i j ∈ C. Here the cocycle condition is a jk − a ik + a i j = 0.
Hence a jk = a ik − a i j = a 0k − a 0 j .
We introduce the Wronski matrix W corresponding to Φ.
Definition 5.2 (Wronski matrix). We set W
, where
are generated by η 1 , . . . , η n−1 over O V I and we have the following commutative diagram: 
A Varchenko formula
The determinant of Wronski matrix corresponding to hypergeometric system is given by Varchenko (as seen in [9] , [10] ). The explicit form of it is written by Γ-factors. 
